ABSTRACT. In this article we extend Deligne's construction of Grothendieck's six operations on the derived category of torsion sheaves over theétale site of a scheme for morphisms of finite type to a larger class of morphisms. This class includes profiniteétale coverings as well as separated morphisms perfectly of finite type
INTRODUCTION
In the recent years there has been a trend in arithmetic algebraic geometry to work directly with geometric objects which are not of finite type. The most popular example of this are Scholze's perfectoid spaces, which form a family of "infinite" objects such that any analytic adic space over Z p has a proétale cover which is a perfectoid space. The most important instances of perfectoid spaces, from the view of the Langlands program, are (adic) infinite level Shimura varieties and their local analogues. For schemes this developement has taken place on a smaller scale; examples are the work about perfect schemes with application to the affine flag variety of Bhatt and Scholze ( [BS17] ), as well as their work on proétale morphisms ( [BS15] ).
While we have a definition of cohomology ofétale cohomology with compact support for any adic space by Huber's work [Hub96] , we can only define theétale cohomology group with compact support of a scheme (or more generally the direct image with compact support of a morphism) if it is of finite type. The aim of this paper is to extend the definition to a larger class of morphisms which we will call of finite expansion. This class will as include profiniteétale coverings as well as perfections.
Our construction follows the general framework of Deligne in [SGA4.3]. Given a compactification of a separated morphism of finite extension, that is a a decomposition f = p • j with j an open immersion and p separated universally closed, we define the higher direct image of compact support of f as R f ! := Rp * • j ! .
Imposing some mild conditions on the source and target of f , this functor is welldefined. More precisely, we prove the following results.
Theorem. Let S be a scheme and A be a torsion sheaf on theétale site of S. Let (S) denote the category whose objects are qcqs schemes over S and whose morphisms are separated morphism of schemes of finite expansion. formalism of Grothendieck's six operations for morphisms of finite type extends to (S) (see sections 2.2 and 2.3 for details).
MORPHISMS OF FINITE EXPANSION
In this section we introduce morphisms of finite expansion, which can be seen as relaxing the finiteness conditions of morphisms of finite type a bit. Building upon the analogous results for morphisms of finite type, we prove under a mild condition that they are compactifiable, i.e. can be written as a composition of an open immersion and a universally closed separated morphism and study the behaviour ofétale cohomology with respect to morphisms of finite expansion.
Basic definitions and properties. The key definition is:
Definition 1.1. Let R be a ring and A be an R-algebra. A family (a i ) i∈I of elements in A is called quasi-generating system of A, if A is integral over R[a i | i ∈ I]; the a i are called quasi-generators. If there exists a finite quasi-generating system of A, we say that A is of finite expansion over R. Remark 1.2. Alternatively we could say an R-algebra A is of finite expansion if and only if there exists an integral morphism R[x 1 , . . . , x n ] → A. In particular, the structure morphism decomposes into a morphism of finite presentation and an integral morphism. Lemma 1.3. We fix a ring R and an R-algebra A be an R-algebra.
(1) Let B be an A-algebra and assume that A is of finite expansion over R. Then B is of finite expansion over R if and only if it is of finite expansion over A. (2) Let f 1 , . . . , f m ∈ A such that ( f 1 , . . . , f m ) A = A. Then A is of finite expansion over R if and only if A f i is of finite expansion over R for every i. (3) Let R ′ be another R-algebra and assume that A is of finite expansion over R. Then R ′ ⊗ R A is finite expansion over R ′ .
(4) Let R ′ be a faithfully flat R-algebra and assume that R ′ ⊗ A is of finite expansion over R ′ . Then A is of finite expansion over R.
Proof. The "only if" part of the first assertion is obvious. To show the other direction, let a 1 , . . . , a m ∈ A and b 1 , . . . , b n ∈ B be quasi-generators over R and A, respectively. Then
The 'only if' part of the second assertion follows from the first part. Now if A f i are of finite expansion over R, we choose finite systems of quasi-generators
i . Denote by B ⊂ A the subalgebra generated by all a i,j and f i . Then R[{b i,j } j ] ⊂ B f i and thus A f i is integral over B f i for all i. Hence A is integral over B.
The third assertion follows as both properties, being of finite type and being integral, are preserved under tensor products. Now let R → R ′ be faithfully flat and fix a finite system of quasi-generators 
There exists a covering Y = V i by open affine subschemes V i ∼ = Spec R i and a covering f −1 (V i ) = U i,j by open affine subschemes U i,j ∼ = Spec A i,j such that for all i, j the R i -algebra A i,j is of finite expansion. We say that a morphism f : X → Y is of finite expansion if it is locally of finite expansion and quasi-compact.
Corollary 1.5. (1)
The properties "locally of finite expansion" and "of finite expansion" of morphisms of schemes are stable under composition, base change and faithfully flat descent, and are local on the target. The property "of finite expansion" is also local on the source. (2) Let f : X → Y and g : Y → Z be morphisms of schemes. If g • f is locally of finite expansion (resp. of finite expansion and g is quasi-separated), then f is locally of finite expansion (resp. of finite expansion).
A morphism of finite expansion behaves similarly as a morphisms of finite type. For example, we show below that the closed points of a scheme locally of finite expansion over a field are very dense and can be identified their residue field. Lemma 1.6. Let k be a field, let X be a k-scheme locally of finite expansion, and let x ∈ X. Then the following are equivalent.
Proof. The implication (b) ⇒ (a) holds for any k-scheme. To see the other direction, note that Spec κ(x) → Spec k is of finite expansion. We choose a finite type k-subalgebra A ⊂ κ(x) such that κ(x) is integral over A. The latter property implies that A is a also a field and hence k ⊂ A is finite by Hilbert's Nullstellensatz. In particular, κ(x)/k is algebraic. Lemma 1.7. Let f : X → Y be a morphism of finite expansion. If Y is Jacobson, so is X. Proof. Indeed, this can be checked locally, so we may assume that X and Y are affine. Now the claim follows since the property of being Jacobson is preserved under integral and finitely presented morphisms.
After imposing some mild conditions, we can also decompose a non-affine morphism of finite expansion into an integral morphism and a morphism of finite presentation. To prove this, we use that every separated morphism of qcqs schemes can be written as composition of an affine morphism and a morphism of finite presentation ([Tem11, Thm. 1. To show the second assertion, write f = h • g with g : X → X 0 affine and h : X 0 → Y of finite presentation. We write g as limit of affine morphisms g λ : X λ → X 0 of finite presentation. We fix a finite affine open covering X 0 = n i=1 Spec R 0,i . Over Spec R 0,i the morphisms g and g λ corresponds to a R 0,i -algebras R i of finite expansion and R λ,i of finite presentation, respectively. We fix a finite set E i ⊂ R i of quasi-generators for each i. We have R i = lim − → R λ,i by definition, thus we get E i ⊂ R λ,i for all i if λ is big enough. Replacing X 0 be X λ , we may thus assume that g is integral.
Corollary 1.9. Every separated universally closed morphism between qcqs schemes is of finite expansion
Proof. This is a direct consequence of the first assertion of the previous lemma.
1.2. Compactification of morphisms. The compactification of morphisms of finite expansion will proceed in two steps. First we compactify the morphisms of relative dimension zero, then we use Lemma 1.8 and the compactification of finitely presented morphisms to generalise this construction to arbitrary morphisms of finite expansion. Definition 1.10. Let f : X → Y be a morphism of schemes. We say that f is locally quasi-profinite if it is locally of finite expansion and its fibres are totally disconnected. We call f quasi-profinite if it is quasi-compact and locally quasi-profinite.
There are several equivalent criterions to determine whether a morphism is locally quasi-profinite. As a consequence, one easily checks that the following permanence properties hold. Proposition 1.12.
(1) The properties "locally quasi-profinite" and "quasi-profinite" of morphisms of schemes are stable under composition, base change and faithfully flat descent, and local on the target. The property "quasi-profinite" is also local on the source. (2) Let f : X → Y and g : Y → Z be morphisms of schemes. If g • f is locally quasiprofinite (resp. quasi-profinite and g is quasi-separated), then f is locally of quasiprofinite (resp. of quasi-profinite).
In order to consider the property "quasi-profinite" locally at a point x ∈ X, we make the following definition. Definition 1.13. Let X be a topological space. We say that x ∈ X is quasi-isolated if {x} is a connected component of X.
Lemma 1.14. Let k be a field, let X be a separated k-scheme of finite expansion and let x ∈ X. We write X = lim ← − X λ , where X λ are of finite presentation over k with finite transition morphisms (cf. Proposition 1.8). Then the following are equivalent.
Proof. Obviously, the first assertion implies the second assertion. If {x} is an irre-
On the other hand assume that x λ is isolated. Then the connected component C of X containing x is contained in the fibre of over x λ . Since the fibres of X → X λ are totally disconnected by lying over, we must have C = {x}. The same argument also proves that x λ ′ is isolated for all λ ′ > λ. Now we can deduce a generalisation of the algebraic version of Zariski's Main Theorem. Fix a ring R and an R-algebra A of finite expansion. We denote by qIsol(A/R) := {q ∈ Spec A | q is quasi-isolated in its fibre over Spec R}.
Moreover, we denote by LocIsom(A/R) the set of prime ideals q ⊂ A such that there exists s ∈ R with s ∈ q and R s = A s . In other words, if X = Spec A and Y = Spec R and f : X → Y is the morphism corresponding to ϕ, then LocIsom(A/R) is the set of points
Proposition 1.15. Let A be an R-algebra of finite expansion and R ′ the integral closure of R in A. Then
. We write A = lim − → A λ as limit of finite type R ′ -subalgebras with finite transition maps. In particular, we have qIsol(A λ /R ′ ) = LocIsom(A λ /R ′ ) by the affine version of Zariski's main theorem.
Denote by
Taking the limit we obtain that f induces an isomorphism f −1 (V)
Since the relative normalisation is local on the base, we may globalise the result as follows. We can now deduce that any separated morphism of finite expansion between qcqs schemes is compactifiable, in the sense that it can be written as the composition of an open embedding with a universally closed morphism. Note that the converse also holds true by Corollary 1.9. . Note that we may assume that j ′ is affine after blowing up along its complement. We denote h ′ = j ′ • g, then f =ḡ • h ′ , whereḡ is proper and h ′ is affine and quasi-profinite. By Proposition 1.16 we can write h ′ =h • j, whereh is integral and j an open embedding. Settingf =ḡ •h, the claim follows.
1.3.Étale cohomology for universally closed morphisms. When working with etale cohomology, we will mostly assume that we are in the following setup. We fix a base scheme S and anétale ring sheaf A on S. For any S-scheme X, we denote by A X the pull-back of A to X and by D(X, A X ) the derived category of A X -modules. We denote by D tors (X, A X ) ⊆ D(X, A X ) the full subcategory of complexes whose cohomology group are torsion, or equivalently the derived category of torsion A Xmodules. Often we will directly assume that A is torsion, thus D tors (X, A X ) = D(X, A X ). Proposition 1.18 (Universally closed base change). Let
be a Cartesian diagram with f separated and universally closed. Let F be an Abelian torsion sheaf on theétale site of X. Then the base change morphism ϕ q : g * R q f * F → (R q f ′ * )g ′ * F is an isomorphism for every q ≥ 0. Proof. By the same argument as in [SGA4.3, Exp. XII, Lemme 6.1] it suffices to consider the case that S = Spec R is the spectrum of a strictly Henselian local ring and g ′ is the embedding of its closed point. In particular, we can write f = p • f 0 with p proper and f 0 integral. By a standard application of Leray's spectral sequence, it suffices to prove the base change theorem for f 0 and p instead of f . The result for p is the classical base change theorem; thus it suffices to consider the case that f is integral.
Altogether, we reduced to the case of an integral morphism f : Spec A → Spec R with R strictly Henselian and g : Spec R/m → Spec R is the embedding of a closed point. Then ϕ q can be identified with the canonical morphism
Since A is integral over R, the couple (A, mA) is a Henselian pair. Thus the assertion is proven in [Gab94, Thm. 1].
Corollary 1.19. Let k be a separably closed field and let X be a separated, universally closed scheme over k. Then for any separably closed field extension K/k and any torsion sheaf F on X we have
Using the language of [SGA4.3, Exp. XVII, § 4], we may reformulate the above proposition as follows.
be a Cartesian diagram with f separated and universally closed. Let A and A ′ beétale ring sheaves on S and S ′ , respectively, and let L be a complex of torsion (A ′ , g * A )-bimodules which is bounded from above. We assume that the fibre dimension of f is bounded. Then the base change morphism of functors from
Proof. The proof is identical to the one of [SGA4.3, Exp. XVII, Thm. 4.3.1] after one replaces the reference to the proper base change theorem with Proposition 1.18.
As in the case of proper morphisms, we obtain an upper bound on the cohomological dimension of R f * for f universally closed. Lemma 1.21. Let f : X → S be a separated universally closed morphism of qcqs schemes such that all fibres of f have at most dimension d. Then R f * is of cohomological dimension ≤ 2d.
Proof. Using Proposition 1.8 and Leray's spectral sequence, it suffices to consider the two cases where f is proper and where f is integral. Both cases are well known (see for example [Stack, Tags 095U, 04C2]).
GROTHENDIECK'S SIX OPERATIONS
The arguments in the construction of R f ! and R f ! for a separated morphism of finite expansion f : X → Y are mostly identical to Deligne's construction in [SGA4.3] for finite type morphisms, where the assertions in section 1.3 substitute their finite type analogues. For the reader's convenience (and in order to convince him that we can indeed generalise the construction), we will nevertheless repeat some of the arguments of [SGA4.3] rather than simply refer to them.
2.1. Higher direct images with compact support. We fix a base scheme S and ań etale torsion ring sheaf A on S. Denote by (S) the subcategory of the category of qcqs S-schemes whose objects are the same and whose morphisms are the separated morphisms of finite expansion. Similarly, let (S, p) and (S, i) denote the subcategory of qcqs S-schemes with separated universally closed S-morphisms and open S-embeddings, respectively.
Assume f : X → Y is a morphism in either (S, p) or (S, i). In these cases we define the push-forward with compact support R f ! : (S, i) , we define R f ! = f ! as the extension by zero. We would like to extend these definition all morphisms in (S) by composition.
In order to prove that R f ! is well-defined for a general morphism f of finite expansion, we consider a commutative diagram in (S)
where the horizontal morphisms are in (S, i) and the vertical morphisms are in (S, p). Following [SGA4.3, Exp. XVII, 5.1.5], we construct a natural comparison
Since k is an open and closed immersion, we have k * = k ! and thus we obtain Rp 0 * k ! K = Rp 0 * k * K ∼ = Rp ′ * K. Now we define d ′ as the inverse of this chain of isomorphisms and thus obtain d. 
We can now apply the theory developed in [SGA4.3, Exp. XVII, § 3] to obtain a well-defined functor R f ! :
More precisely, the following holds. and to every composition f = g • h an isomorphism c g,h : R f ! → Rg ! • Rh ! in an essentially unique way such that the following conditions are satisfied.
(i) The assignment ( f , g) → c f ,g satisfies the cocycle condition
(
Proof. This is an application of [SGA4.3, Exp. XVII, Prop. 3.3.2] with the following data:
• F(X) := D(X, A X ).
• For any morphism f in (S, p) (and (S, i), respectively) f * := R f ! , as defined above.
• The transitivity isomorphisms for morphisms in (S, p) (and (S, i), respectively) are the usual ones.
• For every commutative diagram (2.1), we define the isomorphism d as above. 
commutes. In other words, the construction of R f ! is independent of A .
Definition 2.5. Let f : X → Y a morphism in (S). We call the functor R f ! as constructed above the higher direct image with proper support of f . We define the q-th direct image with proper support R q f ! as the composition of R f ! with the q-th cohomology functor. In the special case where Y = Spec k for a separably closed field k, we may also write H q c (X, −) := R q f ! and call it the q-th cohomology group with compact support.
As a direct corollary of Lemma 1.21, we obtain the finiteness of the cohomological dimension of R f ! .
Lemma 2.6. Let f : X → Y be a morphism in (S) of relative dimension ≤ d. Then R f ! is of cohomological dimension ≤ 2d. In particular, if X is of finite expansion over a separably closed field k, then H i c (X, F ) = 0 for anyétale torsion sheaf F and i > 2 dim X.
Base change.
In order to study the behavious of R f ! with respect to base change, let g : S → S ′ be a morphism of qcqs schemes and let A and A ′ beétale torsion ring sheaves on S and S ′ , respectively. We fix a morphism of finite expansion f : X → S; we choose a decomposition f = p • j with j : X ֒→X an open immersion and p :X → S separated universally closed. Now fix a morphism g : S ′ → S and denote by X ′ ,X ′ , f ′ , g ′ ,ḡ, j ′ , p ′ the respective pullbacks, i.e. we have a commutative diagram
where all rectangles are Cartesian. The base change morphism will be defined as an isomorphism of the functors
, where L is a bounded above complex of (A ′ , f * A )-bimodules over S ′ . For this we first we consider the baby case where f = j and p = id. The composite of the canonical isomorphisms
In the general case define the base change isomorphism as the composite
Following the argumentation in [SGA4.3, Exp. XVII § 5.2], we obtain the following compatibility results.
Lemma 2.9. In the above setting, the following assertions hold.
(1) The isomorphism (2.8) does not depend on the choice of j and p. 
r − → g 1 (S, A ) and f : X → S is a morphism of finite expansion. We consider the Cartesian diagram
Then the base change morphisms with respect to g 1 , g 2 and g = g 1 • g 2 fit inside a commutative diagram
Proof. The proof is analogous to the proofs of [SGA4.3, Exp. XVII Lemme 5.2.3-5], which are purely formal consequences of the constructions above.
We may reformulate the above result as follows.
which is compatible with composition.
Corollary 2.11 (Projection formula). Let S be qcqs and f : X → S be a morphism of finite expansion.
Proof. This is the special case Y = S and g = id S .
Corollary 2.12 (Base change formula). Let
be a Cartesian square as above. Then there exists a canonical isomorphism
Corollary 2.13. Let S be qcqs and f : X → S be of finite expansion. For any geometric pointȳ of Y and q ∈ N 0 there exists a canonical isomorphism
Proof. We apply the above proposition to S ′ =ȳ.
Corollary 2.14. Let X be a scheme of finite expansion over an separably closed field k and F be anétale torsion sheaf on X. Then for any separably closed field extension k ⊂ K and any q ∈ N 0 , there is a natural isomorphism H q c (X, F ) ∼ = H q c (X K , F ). Now let f : X → S, g : Y → S be morphisms of finite expansion of qcqs schemes and denote by h : P = X × S Y → S their fibre product over S. With p : P → X and q : P → Y the canonical projection, we denote for
As a consequence of the base change isomorphism we obtain the Künneth formula.
Proposition 2.15 (Künneth formula). In the situation above there exists a natural isomorphism
Proof. Applying the base change formula twice, we obtain 
where f = p • j, g = q • k and h = r • k are decomposions into a separated universally closed morphism and an open embedding. Moreover, by applying (2.7) twice, we obtain an isomorphism 
Exceptional inverse image.
The construction of R f ! is completely analogous to the finite type case in [SGA4.3, Exp. XVIII, § 3], so we merely give a short sketch of the arguments and refer the reader to corresponding parts of [SGA4.3]. Let f : X → S be a morphism of finite expansion of qcqs schemes. For a torsion sheaf F we denote by C * ℓ (F ) the canonical modified flasque resolution of F as defined in [SGA4.3, XVIII 3.1.2]. In particular, C * ℓ is functorial in F , commutes with localisation and inductive limits; and the functors C n ℓ are exact. Our aim is to construct a partial right adjoint R f ! :
As usual, we cannot use the adjoint functor theorem directly, since D + (·) is not cocomplete. To construct R f ! , we fix an integer d such that f is of relative dimension < d and a decomposition f = p • j, with p separated universally closed and j an open immersion. Let F be an torsion A X -module and F i the components of τ ≤2d C * ℓ j ! F where τ ≤2d denotes the (canonical) truncation functor. Then (2.18) R k p * F i = 0 for i > 0 since for i = 2d the sheaf F i is flasque and for i = 2d the claim follows from Lemma 2.6. We define the functor f • ! from the category of A X -modules to complexes of A -modules by
Analogous to [SGA4.3, XVII Lemme 3.1.4.8], we see that this functor has the following properties. Its cohomology groups are supported in the interval [0, 2d], and the functors f i ! are exact and commute with filtered colimits. In particular the right
is an isomorphism by (2.18) and the usual spectral sequence for double complexes; thus we obtain an isomorphism R f 
Proof. The proof is the same as in the finite type case, as it follows formally from the fact that f ! • is supported on [−2d, 0] and that f ! i transforms injectives into injectives.
Remark 2.21. It is a classical result that f ! = f * when f isétale. Note that this no longer holds true for weaklyétale morphisms of finite expansion, as in general f ! is not left-adjoint to f * .
The exceptional inverse image satisfies the usual compatibility with the other five operations. The construction of the isomorphisms is again identical to the finite type case. As above, we recall the construction for the reader's convenience; but refer the reader to [SGA4.3] for proofs.
First, we briefly recall the construction of the adjunction morphism
First, we represent L by a bounded below complex of injective sheaves (also denoted L). Note that
where the latter isomorphism holds as Hom(K, L) is a complex of flasque sheaves. Let f = p • j as above and ι : V → S be anétale morphism. By functoriality of f V,! , we obtain a canonical morphism
and thus a morphism of functors f * Hom
Proposition 2.24 (cf. [SGA4.3, XVIII Prop. 3.1.10]). The morphism (2.23) is an isomorphism.
Proof. The proof for the finite type case is purely formal and thus still works in our case.
Next, let f = p • j be a compactification of f and g : S ′ → S another morphism. We consider the diagram
with Cartesian squares. Let B be another torsion sheaf of S ′ and M a complex of (A S ′ , B)-bimodules which is bounded above. Let K be any complex of A Xmodules. Following [SGA4.3, XVIII 3.1.11], we consider the base change morphism
as morphisms of functors evaluated at K. Thus we obtain a morphism of their respective right adjoints, which evaluated at a complex of B-modules L yields
. Taking the derived functor at both sides, we obtain a natural morphism for L ∈ D + (S ′ , B) Proof. The proof is the same as in the finite type case, as it follows from a diagram chase using only the base change theorem as input.
We obtain two classical compatibilities of the above isomorphism. If S = S ′ and B = A , we obtain
For general S ′ and B = A X = M, the above isomorphism becomes
COMPARISON RESULTS FOR THEÉTALE COHOMOLOGY
3.1. Comparison with ad-hoc constructions. Let f : X → Spec k be a separated morphism of finite expansion where k is an separably closed field. We extend the definition of compactly supported cohomology on X given in the previous section to l-adic sheaves following Jannsen's construction in [Jan88] . Denote by (Z X -mod) N the category of projective systems (F k ) k∈N of Abelianétale sheaves on X. Note that (Z X -mod) N contains the category of l-adic sheaves. By [Jan88,
has a right derived functor R f * . We fix a factorisation f = p • j where j is an open embedding an p a separated universally closed morphism. For any l-adic sheaf F = (F k ) k∈N on X we define RΓ c (F ) := Rp * (j ! F ). Note that this construction does not depend on the choice of p and j as a consequence of the base change theorem for universally closed morphisms.
Definition 3.1. Let l be a prime and F an l-adic sheaf on X. Then we define
We choose a presentation X = lim ← − X λ as the limit of finite type schemes with finite transition morphisms f λ,λ ′ and assume that F is a torsion sheaf or l-adic sheaf on theétale site of X which is the pullback of a sheaf F λ 0 on theétale site of X λ 0 . In this case one usually uses the ad hoc definition
If F is a torsion sheaf, this definition is compatible with our general definition given in the previous section by the proposition below. If F is l-adic, our definition above yields Emerton's compactly supported completed cohomology groups
see for example [CE12] for further discussions of its properties.
Proposition 3.2.
(1) If F is a torsion sheaf, there exists a natural isomorphism
Proof. First assume that F is a torsion sheaf. We denote by f λ 0 : X → X λ 0 the canonical projection. Then the canonical morphism lim 
This yields on cohomology groups the wanted natural isomorphism H
In particular the compactly supported cohomology groups of F form a MittagLeffler system and thus H q c (X,
Thus the second assertion follows from the first part of the proposition.
Remark 3.3. We also gave an ad-hoc definition of the functor R f ! for torsion sheaves in [HK17, Appendix B] . While it covers all morphisms of finite expansion, we only proved compatibility results for some special cases.
3.2.
Comparison with sheaf cohomology on the analytification. Let X be a scheme over C. Then its analytification X an is defined to be the topological space 1 with underlying set X(C) and the coarsest topology such that for every open subscheme U ⊂ X and f ∈ O X (U) the subset U(C) ⊂ X(C) is open and the induced map f an : U(C) → A 1 (C) = C is continuous for the analytic topology on C. In the case that X is affine the topology coincides with the initial topology with respect to { f an :
is continuous as it is the quotient of two continuous functions. One deduces that if X is of finite type, the topology on X an coincides with the usual definition of analytic topology since the latter is defined on an open affine cover as the initial topology with respect to the coordinate functions.
One easily checks by reducing to the affine case that for every morphism of Cschemes φ : X → Y the induced morphism φ an : X an → Y an is continuous. Thus the analytification defines a functor (−) an from the category of C-schemes to the category of topological spaces. It satisfies the following exactness properties. Proof. In order to show the first assertion, let f : X → S, g : Y → S be morphisms of C-schemes. By the universal property of the fibre products, we have (X × S Y)(C) = X(C) × S(C) Y(C) as sets. The canonical bijection (X × S Y) an → X an × S an Y an is induced by the continuous maps f an and g an and is thus continuous itself. Hence it remains to show that the topology on X an × S an Y an is finer than the topology on (X × S Y) an , which may be checked after passing to an affine cover. Thus we assume that X, Y and S are affine. Then we have to show that for any global section ∑(
But this is true as it is an arithmetic expression of continuous functions.
The second assertion is proven analogously to the first. Let X = lim ← − X λ be a limit of a projective system of C-schemes with affine transition maps. By the universal properties of limits, we have that X(C) = lim ← − X λ (C) and that the canonical bijection X an → lim ← − X λ,an is continuous. Thus it remains to show that the topology on lim ← − X λ,an is finer than the topology on X an , which may be proven under the assumption that all X λ (and thus X) are affine. Since O X (X) = lim − → O X λ (X λ ) for any f ∈ O X (X) the induced function X an → C factorizes as X an can.
− − → X λ,an
f λ,an −−→ C, where f λ ∈ O X λ (X λ ) and thus is continuous, finishing the proof.
Remark 3.5. The above construction also holds when one replaces C by an arbitrary topological field k.
We fix a separated scheme X of finite expansion over C. We denote by Xé t the (small)étale site over X and by Top(X an ) the site of local isomorphisms over X an .
Proposition/Definition 3.6. The analytification induces a morphism ν X : Top(X an ) → Xé t of sites, such that for any morphism of C-schemes f : X → S of finite expansion the diagram Proof. The main point is to show that the analytification of anétale morphism g : U → X is a local isomorphism. Since beingétale is compatible with limits, g is the base change of anétale morphism g 0 : X 0 → Y 0 of separated C-schemes of finite type. Since (−) an commmutes with fibre products, the g an is a local isomorphism as g 0,an is a local isomorphism (see e.g. [SGA4.3, Exp. XI, 4.0]). In other words, analytification is a continuous functor and hence ν X, * and ν * X are defined. The commutativity of above diagram (as diagram of continuous functors) is easily checked. It remains to show that ν * X is exact. Since exactness can be checked on stalks, it suffices to show that for any x ∈ X(C) and sheaf F on Xé t , we have (ν * X F ) x = F x . By the commutativity of the above diagram this claim is reduced to the case X = Spec C, where it is trivial.
In order to compare compactly supported cohomology, we need the following lemma.
Lemma 3.7. Let f : X → S be a universally closed morphism of separated C-schemes of finite expansion. Then f an is proper.
Proof. This is known to be true if f is proper. Since we can write f as limit of proper morphisms by Temkin's decomposition of universally closed morphisms (Proposiion 1.8), the claim follows.
Given a diagram as in Proposition 3.6 we obtain an exchange morphism of functors on K ∈ D + tors (X, Z X ) (3.8) ν * S R f * → R f an, * ν * X If X and S are of separated finite type complex schemes and f is proper, Artin's comparison theorem states that (3.8) is an isomorphism. As a consequence, one obtains an isomorphism (3.9) ν * S R f ! → R f an,! ν * X .
whenever f is an morphism of finite type schemes over C. The result can be generalised to schemes of finite expansion.
Theorem 3.10. Let f : X → S be a universally closed morphism of separated C-schemes of finite expansion. Then (3.8) is an isomorphism.
Proof. Since R f * commutes with filtered colimits it suffices to check that (3.8) is an isomorphism for bounded complexes of constructible sheaves K ∈ D b tors,c (X, Z X ). We first assume that f is a proper morphism. Then both f and K are defined over finite type complex schemes, i.e. there exists a commutative cube 
